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Learning example

An example (x,y) € X x ) is a description-label pair.

Data generating distribution

Each example is an observation from distribution D on X x ).

Learning sample

S = {(ayn), (x92), -y (Xa,y0) } ~ D"

Classifier (or hypothesis) Binary classifier

h:X =Y h: X —{-1,41}

Learning algorithm

A(S) — h
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|.I.D. Assumption

Examples are generated i.i.d. by a distribution D on X x ).

S = {(Xlayl)a (XQay2)7 0oog (men)} ~ D"

————— Distribution source

Données
étiquetées

_.<

d'apprentissage

= Classificateur =
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Risk (or generalization error)
Probability of misclassifying an example generated by distribution D :

Ro(h) £ Pr (h(x)#y)
= E I[y-h(x)<0], ( binary classification )

where I[a] = 1 if predicate a is true; I[a] = 0 otherwise.

Error rate on the learning sample S ~ D" :

k\s(h) déf %iI[y,"h(X,‘) < 0] .

i=1
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PAC-Bayesian Theory

Initiated by David McAllester (1999), the PAC-Bayesian theory gives
generalization guarantees on majority votes of classifiers.

PAC guarantees (Probably Approximately Correct)
, the risk of classifier h is less than <e>

(RD(h) < «(Rs(h), n, .. .))

v

Bayesian flavor

Incorporates a priori knowledge about the learning problem as a probability
distribution over a family of classifiers.

v

Training bounds
e Gives generalization guarantees not based on testing sample;

e Inspiration for conceiving new learning algorithms.
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Majority Vote Classifiers

Given :
o A set of voters H = {hy, ha, h3,...}  (discrete or continuous) ;
e A weight distribution @ on H.

Weighted majority vote

To predict the label of x € X, the classifier asks for the prevailing opinion

Bo(x) ¥ sen (hEQ h(x))

o ® e ® ° o R
1 ° 1 . b4 1 . o l .
] A +3| T e | 3 e o0 | = e
L] L] * o g. ® ° L] L] L]
o ] o o o
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A Surrogate Loss

Given
e A data distribution D on X x {—1,+1};
e A weight distribution @ on the set of voters H .

Majority vote risk (or Bayes Risk)

def
— . <
RD(BQ) = (xy)~ I |: h~E y h(X) 01|

v

Gibbs Risk

The stochastic Gibbs classifier Gg(x) draws It is well-known that
h' € H according to @ and output h’(x). Rp(Bg) < 2 x Rp(Gp)
def
Ro(Go) ¥ E E Tly-h(x)<0]
o(Go) & E | E 1yh) <

— E(3-1,E yh00)
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From the Factor 2 to the C-bound

From Markov's inequality ( Pr (X > a) < EX), we obtain :

a

Factor 2 bound

%y-h(m)

From Chebyshev's inequality (Pr(X —EX > a) < % ), we obtain :

(1—2-RD(GQ))2

1-2.d3

where dg is the expected disagreement :

2
def 1
e = E E E I|h h = —-(1- E E h
@ (x,)~D m~Q h~Q [1(X)7£ Z(X)] 2< (x,)~D’ [hNQ (X)] )
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A Classical PAC-Bayesian Theorem

Two principal components

e The Gibbs empirical risk :

n

= def 1
Rs(Go) = - > <% - %hEQ%"h(X"))
=

e The Kullback-Leibler divergence between the prior P and the posterior Q :

def Q(h)
KL(Q|P) ¥ o Bl

PAC-Bayesian theorem (McAllester, 2003)
For any distribution D on X x ), for any set of voters H, for any distribution
P on H, for any 6 € (0,1], we have, with probability at least 1—6 over the
choice of S ~ D",
o) 2
VQonH: Rp(Gg) < Rs(Gg)+ \/2—1,, [KL(QHP) +In %ﬁ]

v
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A General PAC-Bayesian Theorem

A-function : «<distance> between Rs(Gg) et Rp(Go)
Convex function A : [0, 1] x [0,1] — R.

General theorem

For any distribution D on X x ), for any set H of voters, for any distribution
P on H, for any 6 €(0,1], and for any A-function, we have, with probability at
least 1—6 over the choice of S ~ D",

VQonH: A(ﬁs(GQ), RD(GQ)) < %[KL(QHP) +1In IAT(H)] ;

Za(n) o sup [ZBmknr nA(5, )]

ref0,1]
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General theorem

Pr (VQ on H
DI1

S~

- A(Rs(Ga). Ro(Go)) < 7 [KL(QIP) +n 2]} > 15,

)

Interpretation.

0.05;

0.04:

0.03

0.02;

0.01;

1 1
—— A(Rs(Gp), 7)
..... H[KL(QIIP) +1n2)]
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General theorem

Prn<VQonH: A(ﬁs(cQ),RD(GQ)) < 1{KL(Q\|P)+|nZA(”)D > 1-6.

S~D n 1)

Proof ideas.

Change of Measure Inequality
For any P and @ on H, and for any measurable function ¢ : H — R, we have

#(h)
JE 6(h) < KL(Q|IP)+In( E ™).

Markov’s inequality
PriX>a) <& «— Pr(X<&)>1-4.

Probability of observing k misclassifications among n examples
Given a voter h, consider a binomial variable of n trials with success Rp(h) :

Bin(kin. Ro(h) < pr (Rs(n)=%)

_ (Z) (RD(h))k(l - RD(h))n_k.
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General theorem

n

= 1 I
Pr. (VQon’H: A(RS(GQ),RD(GQ)> < ;{KL(QHP)Hn Aé”)D > 1-6.
Proof
n.A(M s(h), thRD(h))
ensen’s Inequali < . R
EENTTE < 5 A(RO)Ro(h)
< KL(QIP)+in E e (F0m00)
- h~P
<15 KL@QIP)+nl E £ oo
LIRSS — O S/~Dn h~P
- KL@IP+RY EE R
0 h~P S/~Dn
= KL@QIP)+Ins E " Bin(kin, Ro(h)e" 0 0
k=0

1
KL(Q||P) 4+ In = sup ZBin(k;m r)e”A(%-ﬂ
0 refo,1] =0

IN

Supremum over risk

— KL(QHP)+In%IA(n). 0
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General theorem

Pp, (vQon i A(Rs(Ga)Ro(G0)) < 1 |KL(@IP)+m 2 ) > 1-5.

Corollary

| A\

[.-.] with probability at least 1—§ over the choice of S ~ D",
VQonH:

(a) kl(ﬁs(cQ),RD(GQ)) < %[KL(QHP)JrIn 2@ 0 et Senger 2053)

(b) Rp(Go) < Rs(Gg) + \/2& [KL(Q||P)+In 2?], T
1 _

() Ro(Go) € 7= (c- S(GQ)—i—%[KL(QHP)+In%]). (Gatoni 2067

.

K(q,p) & ging+(1-q)ni=2 > 2(q—p)°,
def _
Adg,p) & —Ihl—(1—-e)-p]—c-q.
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Bounding the Expected Disagreement

Expected disagreement

p def

5= E _E EI{hl()#hZ()}:%(l_(E [,,NE h”])

(x,)~D h1i~Q ho~Q

v
General theorem

[...] with probability at least 1—¢ over the choice of S ~ D",

VQonH: A(dy, dg) < %[2KL(QIIP)+InIA6(”)],

Corollary
(a) kl(dg, dD)

<
(b) dQ<d5 \/; 2KL(Q||P)

%[2KL(Q|\P)+|n2q :

2[]

(©) L (c-d5y+ L [2KL(Q|P) +In}]). )
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Transductive Learning

Examples are drawn without replacement from a finite set Z of size .

S = {(axn), (ye), ooy (xmyn)} CZ
u = {(Xn+17')7 (Xn+27')7 JO0K) (XNv')} :Z\S

" Echantillon
\ complet

— Données ) / Données
1 \_non-étiquetées étiquetées
: - S
1 N Ve
! Algorithme
| d'apprentissage
|
v l )
[Exemple] =D [ Classificateur == - Prédiction
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General Theorem for Transductive Learning

Observation

Inductive learning : n draws with replacement according to D = Binomial law.

Transductive learning : n draws without replacement in Z = Hypergeometric law.
v

Theorem

For any set Z of N examples, for any set H of voters, for any distribution
P on H, for any 6 € (0,1], and for any A-function, we have, with probability at
least 1—0 over the choice of n examples among Z,

vQon#: A(Rs(Go). Re(Ga) < [KL(QIIP) +1n /2010 N)] ,

)
where
def (D) (5ZK) na(k Ky
Ta(n, N) = max 272,) e N

keKn,nk

and K, nk o { max[0, K+n—N], ..., min[n, K] }.

Pascal Germain November 25, 2015 24 / 57



1

Pr <VQon’H: A(ﬁs(cQ)ﬁz(cQ)) < ;[KL(QHP)Hn MD > 1-4.

S~[z]n

e
o
o
=

Jensen's inequality

Change of measure

Markov’s inequality

Expectations swap

I Hypergeometric law

IN

Supremum over risk

Pascal Germain

n A(hEQRS(h)’ hEQRZ(h))

JEn- A(Rs(h), Rz(h))
KL(Q[IP) + In E_em(Rs(h)Rz(m)
h~P

KL(QIP) +In: E  E emA(Rs ():Rz(h)
O S'~[Z]" h~P

KL(QIP) +In: E_E_e™ARs():Rz(h)
& h~P S/~ [Z]0

1 (" ) n(E R ()
KL(Q|[P)+In 5 E_ > . e

1 (D=k) nack, 5y
KL(Q||P)+In5KT0§§N Z Kokl " n N
KEK Nk

1
KL(Q||P)+IngTA(n, N). O
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A New Transductive Bound for the Gibbs Risk

Corollary

[...] with probability at least 1—§ over the choice of n examples among Z,

VQ onH: ﬁz(GQ) < 'Z?\S(GQ) 4 \/1;,7/’\’/ [KL(QHP) +In 3In(n)\/6”(17_ﬁ)] )

Theorem (Derbeko et al., 2004)

Rz(Gq) < Rs(Gq) + \/2(n 5 [KL(QHP) Linn (N+1) } ‘

.

== V& [KL@Q|IP) + 2
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A New Transductive Bound for the Bayes Risk

Majority Vote Bound

[...] with probability at least 1—6 over the choice of n examples among Z,
VY Q onH:
(a) Rz(Bg) < 2x7 (Factor 2)
~ (1 —2x r)
(b) Rz(Bg) < 1-— m (C-bound)
where

3 In(n),/n(lfﬁ)]
5 )

~l|
Il

Ro(Ga)+ |/ 2 [KL(QIIP) +
% = 51 Z[E hx,r).
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Empirical Comparison

Majority votes of decision stumps obtained with AdaBoost.

Dataset N n/N || Rs(Bg) | Factor 2 C-bound
car 1728 0.1 0.105 1.092 -
0.5 0.115 0.830 0.819
letter_AB 1555 0.1 0.000 0.914 0.961
0.5 0.000 0.797 0.626
mushroom 8124 0.1 0.000 0.964 0.966
0.5 0.000 0.875 0.546
nursery 12959 0.1 0.009 0.798 0.692
0.5 0.010 0.711 0.379
optdigits 3823 0.1 0.000 1.055 -
0.5 0.026 0.917 0.793
pageblock 5473 0.1 0.048 0.979 0.992
0.5 0.057 0.894 0.697
pendigits 7494 0.1 0.023 0.989 0.997
0.5 0.041 0.912 0.706
segment 2310 0.1 0.000 1.101 -
0.5 0.014 0.920 0.834
spambase 4601 0.1 0.115 1.096 -
0.5 0.137 0.973 0.961
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November 25, 2015

28 / 57



Basic Definitions

PAC-Bayesian Theory

m Rényi-Based Theorem

Domain Adaptation Algorithms

Conclusion and future works

Pascal Germain November 25, 2015 29 / 57



A New Change of Measure

Kullback-Leibler Change of Measure Inequality

For any P and Q on H, and for any ¢ : H — R, we have

o(h)
LE@(h) < KL(Q[[P)+In (hEPe )

Rényi Change of Measure Inequality

For any P and Q on H, any ¢ : H — R , and for any o > 1, we have

%InhEQﬁb(h) < Do(QIP) +1In (hINEP¢(h)a‘”1)7

with  Da(Q[IP) < ﬁ'" LEP (%’3)]
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Rényi-Based General Theorem

General theorem
[...] for any a > 1, with probability at least 1—0 over the choice of S ~ D",

oy R /
VQon#H: In A(*"S(Go), RD(GQ)> < é[Da(QIP)Hn I—A(g’o‘ )}

with

IR(n,a) dof sup [ZBin(k;n, r)A(%, r)a/],
ref0,1] | 1 =o

anda’::ﬁ>1.
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General theorem (Rényi-Based)

S~D

Pr (VQ on#H: In A(ﬁs(GQ),RD(GQ)) <t {Da(Q||P)+In MD > 1-4.

a/

Proof.

Jensen’s Inequality

I Change of measure

Markov’s Inequality

Expectation swap

Binomial law

Supremum over risk

Pascal Germain

IN

IA

a’-lnA( E
h~Q

o - ln hEQA(ﬁs(h), RD(h))

R, £ 0)

Da(QIIP)+1n E A(Rs(h), Ro(h))™

E A(Rs (h), Ro(h))*

Da(QIIF) +In S'~D" h~P

Da(Q|IP) + In A(Rs (h), Ro(h))™

E
h~P S'~Dn

H o k
IES x Bin(k; n, Ro(h)) A(%,

sup Z Bin(k;n,r)A(%, r)®
ref0,1] k=0

Da(Q|IP) +In Ro(h))*

(SO =S e T

/

Do (Q||P) + In

| =

Do (Q||P) + In %IX(n,o/). O
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Empirical Study

Majority votes of 500 decision trees on Mushroom dataset

0.30

0.25
Weak
Decision

0.20 Trees

0.15

0.10 Strong
Decision
Trees

0.05

0.00 . .

Rp(Gq) Jensen's Change of ~ Markov's  Supremum
inequality measure inequality over risk

XKL(Q|IP) and A = 2(g—p)*  ® Da(Q||P) and A = 2(q—p)
XKL(Q||P) and A :=kl(q, p) e Do(QJ|P) and A :=kl(q, p)
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Domain Adaptation

Source and target examples are generated by different distributions

S = {(Xla}/l)a (X2ay2)7 0009 (Xn,)/n)} ~ (DS)n
T = {(a,), () -y )}~ (D1)"

Distribution cible Distribution source
\J v

I

|

I P > - N

| / Données N\ ( Données \
\_non-étiquetées / . étiquetées /

| g = L o

|

1

|

|

|

Algorithme
d'apprentissage
y l A

N ~ N
(Exemple) == Classificateur ==> - Prédiction

~ ~

Pascal Germain November 25, 2015 35/ 57



Our Domain Adaptation Setting

Binary classification tasks

Two different data distributions
e Source domain : Dg

e Input space : R?

e Labels: {-1,1} e Target domain : Dt

A domain adaptation learning algorithm is provided with

a labeled source sample

an unlabeled target sample
S = {5y} ~ (Ds)",

T = {x}Ls ~ (Dr)".

el
;3:\"" ., 1\"!'.? \ s @t Vel
| e. SN % . o
£ L] ¥

, LN
ot g 82 B

s

?"‘u\

“agees3®®

,

K
&
%

oy,

The goal is to build a classifier h: RY — {—1,1} with a low target risk

def
Rp-(h) = Pr h(x* 1.
or(h) & P ) £ ]
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Divergence between source and target domains

Definition (Ben David et al., 2006)

Given two domain distributions Ds and D7, and a hypothesis class H,
the #H-divergence between Ds and Dt is

du(Ds, D7) E 2sup

Pr [a(x*)=1]+ Pr [h(x')=-1]-1 ’ .

he']_[ XSNDS XtNDT
The H-divergence measures the ability j ",
A o oo Ry 3
of an hypothesis class H to discriminate | j’"'af“{?w' b s
between source Ds and target Dt distri- ;?’ "“iwc__g:i‘i,*-’
butions. T
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Bound on the target risk

Theorem (Ben David et al., 2006)

Let H be a hypothesis class of VC-dimension d. With probability 1 — §
over the choice of samples S ~ (Ds)" and T ~ (D7)", for every h € H :

Ro,(h) < Rs(h)+2%,/dlog 2™ +log % + dy(S, T) + %+ /dlog 22 + log 4 + 3

o A . .
with 5_h,'ng [Rps(h*)+ Rp, (h*)] .

Empirical risk on the source sample :

def

- 1<
Rs(h) = - > I[h(x}) # il
i=1
Empirical H-divergence :

; det LN ih(e®) = 114 LS A = 1] -
(S, T) = 2max nZI[h(x,)—l]—l—nZI[h(x,-)_ 1]-1].

i=1 =il
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Nouvelle borne pour I'adapation de domaine

HAH-distance (Ben-David et al., 2006, 2010)

dyunn(Ds, DT) 2sup
h,h eH

E 101() £ KOO -, E glhlx!) £ Hx')]

(x5,-)~Ds

Distributions disagreement

diso(Ds, Dr) % ’dDT — d%

Theorem

...] with probability 1—6 over the choice of S x T ~ (Ds x D1)", we have
] y

VQ onH:

Ro.(Gq) < cRs(Go)+adisg(S, T)+(+22 >m+>\* td-1

def def
/, del 2a s del c
where ' = =25 et ¢ = =
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A New Domain Adaptation Algorithm

For linear classifiers

PAC-Bayes specialization to linear classifier (Langford and Shawe-Taylor, 2002)
* hy(x) = B, (x)

® Linear classifier : hy(x) = sgn[w - X]
e Voters : H = {h, | v € R’}
® Prior Py : isotropic Gaussian centered on 0

* Ro(Qu) :(x y)~D

® Posterior Q : isotropic Gaussian centered on w

Minimize :

C,Z;:d) (vir) +4

> u(i) -

42 / 57
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Amazon Reviews Dataset

Input : product review (bag of words) — Output : positive or negative rating.

S\

Books Dvds Electronics Kitchen

‘ source — target H PBGD SVM ‘ DASVM CODA PBDA ‘
books—dvds 0.174 0.179 0.193 0.181 0.183
books—electronics 0.275 0.290 0.226 0.232 0.263
books—kitchen 0.236  0.251 0.179 0.215 0.229
dvds—books 0.192 0.203 0.202 0.217 0.197
dvds—electronics 0.256 0.269 0.186 0.214 0.241
dvds—kitchen 0.211 0.232 0.183 0.181 0.186
electronics—books 0.268 0.287 0.305 0.275 0.232
electronics—dvds 0.245 0.267 0.214 0.239 0.221
electronics—kitchen 0.127 0.129 0.149 0.134 0.141
kitchen—books 0.255  0.267 0.259 0.247 0.247
kitchen—dvds 0.244  0.253 0.198 0.238 0.233
kitchen—electronics 0.235 0.149 0.157 0.153 0.129

| Mean || 0.226 0.231 | 0.204 0.210  0.208 |

Pascal Germain November 25, 2015 44 / 57



Basic Definitions

PAC-Bayesian Theory

Domain Adaptation Algorithms

m A Second PAC-Bayesian Algorithm

Conclusion and future works

Pascal Germain November 25, 2015 45 / 57



A New Perspective on Domain Adaptation

For all pairs Dg and Dt on X x ), for all set H of voters, and for all g > 0,

Q=

1 o]l
VQ surH, Rp.(Go) < 5dF +5,(DrDs) x [e]

2
Dr(x,y)\"]7
here 3.(Dr||Ds) = E .
where 3,(Dr||Ds) [(XyNDS<Ds(Xy)>] 7
and e2 ¥f

g JI[m0) #y] x1[h(x) # y].

(x,y)~D h1~Q h2

Minimize :

AZ ®q (uxTu) LS Z Perr (Vi) + M
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Amazon Reviews Dataset

Input : product review (bag of words) — Output : positive or negative rating.

S\

Books Dvds Electronics Kitchen

source — target H PBGD SVM ‘ DASVM CODA PBDA ‘ DALC ‘
books—dvds 0.174  0.179 0.193 0.181 0.183 0.178
books—electronics 0.275 0.290 0.226 0.232 0.263 0.212
books—kitchen 0.236  0.251 0.179 0.215 0.229 0.194
dvds—books 0.192  0.203 0.202 0.217 0.197 0.186
dvds—electronics 0.256 0.269 0.186 0.214 0.241 0.245
dvds—kitchen 0.211  0.232 0.183 0.181 0.186 0.175
electronics—books 0.268 0.287 0.305 0.275 0.232 0.240
electronics—dvds 0.245 0.267 0.214 0.239 0.221 0.256
electronics—kitchen 0.127 0.129 0.149 0.134 0.141 0.123
kitchen—books 0.255 0.267 0.259 0.247 0.247 0.236
kitchen—dvds 0.244  0.253 0.198 0.238 0.233 0.225
kitchen—electronics 0.235 0.149 0.157 0.153 0.129 0.131
| Mean || 0.226 0.231 | 0.204 0.210  0.208 | 0.200 |
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Bound on the target risk

Theorem (Ben David et al., 2006)

Let H be a hypothesis class of VC-dimension d. With probability 1 — §

over the choice of samples S ~ (Ds)" and T ~ (Dr)", for every h € H :

Ro,(h) < Rs(h)+2%,/dlog 2™ +log % + dy(S, T) + %+ /dlog 22 + log 4 + 3

o A . .
with 5_#12% [Rps(h*)+ Rp, (h*)] .

Target risk Rp, (h) is low

Rs(h) is small, and dy(S, T) is small,
if, given S and T,

i.e., h € H is good on i.e., all i € H are bad on

..\"-‘ : ._\K
Py} s, e
4 o o oo 3 h o
t”i ¥ % % 3 P S N A
N 8 Y S 3s 2§
% ) LY 2 o . £ ey s¥T W
',- dc,w.:si' 208 gm0 38 & 2. LY 4
.‘.'.', N ’ .‘:ﬂ'a
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Domain-Adversarial Neural Network (DANN)

Empirical H-divergence

dy(S, T) L 2 max [1 Zn: I[h(x7) =1]+ % Zn: I[h(x}) = —1] — 1] .

heH [ n
i=1 =1l

We estimate the H-divergence by a logistic regressor that model the
probability that a given input (either x° or x") is from the source domain :

o(h(x)) % sigm(d +wTh(x)).

Given a representation output by the hidden layer h(-) :

du (h(S),h( T)) ~ 2T’?dx liZlog(o(h(xf))) + %Z log(1—o(h(x;j))) — 1] .
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Domain-Adversarial Neural Network (DANN)

s |: Z Iog(f (x7)) +)\max <Zlog 1Zlog (1—o(h(x; )))>:|

i=1

source loss adaptation regularizer

where A > 0 weights the domain adaptation regularization term.

Given a source sample S = {(x?,y3)}™, ~ (Ds)™, f(h(x))‘ o(h(x))
and a target sample T = {(x))}™, ~ (D1)™,
v w
Pickax*€Sandxt € T / )
ick a x and x - —
Update V towards f(h(x?) NG ")

y°
)=y*

1 and o(h(x")) = -1
)= —1and o(h(x")) =1

)=
Update W towards f(h(x®)
Update w towards o(h(x®)
Update W towards o(h(x?

> @ =

)=
)
DANN finds a representation h(-) that are good on S;
but unable to discriminate between S and T.
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Standard Neural Network (NN)

e Trained to classify source Trained to classify domains

v

Domain-Adversarial Neural Networks (DANN)

Classification output : f(h(x)) Domain output : o(h(x))

STy

8,
5,

o
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Amazon Reviews

Input : product review (bag of words) — Output : positive or negative rating.

Dataset DANN NN
books — dvd 0.201 0.199
books — electronics 0.246 0.251
books — kitchen 0.230 0.235
dvd — books 0.247 0.261
dvd — electronics 0.247 0.256
dvd — kitchen 0.227 0.227
electronics — books 0.280 0.281
electronics — dvd 0.273 0.277
electronics — kitchen 0.148 0.149
kitchen — books 0.283 0.288
kitchen — dvd 0.261 0.261

kitchen — electronics 0.161 0.161
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Deeper and deeper...

To appear in JMLR : Domain-Adversarial Neural Networks.

by Ganin, Ustinova, Ajakan, Germain, Larochelle, Laviolette, Marchand and Lempitsky
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Conclusion and future works
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Short Summary

An original PAC-Bayesian approach
e General theorem from which we recover existing results;

e Modular proof, easy to adapt to various frameworks.

Domain adaptation algorithms

e Two algorithms for linear classifiers derived from PAC-Bayesian
bounds;

o One representation learning Network inspired by the seminal work of
Ben-David et al.
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Explore the relationships between PAC-Bayesian and truly Bayesian
approaches;

Speed-up domain adaptation algorithms with stochastic gradient;

Go beyond simple binary classification setting ;

Apply PAC-Bayes to your problems!!

If you only have a hammer,
you tend to see every problem as a nail.

— Abraham Maslow, 1966
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